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It has been demonstrated that, for systems containing discrete particles dispersed in a continuum,
the mathematical relation between viscosity and concentration is the same over the whole con-
centration range, provided that certain conditions are fulfilled; those conditions are; @) con-
centration is expressed as the volume fraction of the particles in the solution; b) the particles
interact only hydrodynamically. This statement is true both for monodisperse solutions, in which
the absolute size of particles may vary from one solution to another and for heterodisperse
solutions but in the latter case it must be stipulated that all the solutions must contain the same
qualitative distribution of shapes and sizes, so that they differ from one another only in the sense
that each individual particle is scaled (up or down) relatively to the corresponding particle in an-
other solution by a factor which is constant for all the particles.

The majority of theories which deal with the calculation of the dynamical viscosity

of suspensions and solutions of macromolecular compounds are based on the view... _

that these systems consist, on the one hand, of discrete particles of defined character
(spheres, ellipsoids, bead necklace, worm-like chain), which model particles of the
dissolved compound, and on the other, of a continuum which represents the solvent.
The justification offered for this approach is that the size of the solvent molecules
can be neglected by comparison with the size of the dissolved particles. We attempt
to demonstrate in this paper that, for this type of system (discrete particles in an in-
compressible continuum, the viscosity of which is no), provided that interactions
between the dissolved particles are only hydrodynamic, the form of the dependencs
of the dynamic viscosity of the solution on the concentration, expressed as the volume
fraction of the dissolved particles, is the same if all the particles are of the same
shape, even if their absolute size is not uniform.
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THEORETICAL
The Macroscopic and Microscopic Velocity Gradients in Solution

The expression ‘‘velocity gradient in solution” usually implies the ‘‘macroscopic
gradient”.

Let it be imagined that some solution of the above type is subjected to planar
shear between two infinite parallel planes (realized to a first approximation between
the walls of a Couette vessel. It is clear that in our case the velocity gradient in the
liquid phase is a complex function of coordinates and time, depending on the size,
shape and concentration of the dispersed particles. Let us call this gradient, which
is a tensor quantity, the microscopic gradient G{7’. For a system of coordinates
(). X2, X3), it can be written in the general form

av,

G(l'jn) = Gg'j")(xh X2, X3, ‘) = (1)
0x;

It is obvious that the change in the microscopic gradient cannot be examined ex-
perimentally and in practice. The macroscopic gradient G™ is always used. In the
case of planar shear, investigated in this paper, this quantity is governed by the
mutual velocity, v, and by the perpendicular separation d, of the infinite parallel
walls which set the solution in motion, assuming that the surface liquid layer remains
fixed in contact with these walls:

G™ = y/d . (2

Hence, the gradient G™ is a much simpler quantity than G{J, it is experimentally
easy to measure and in the selected case of planar shear it is actually a constant, and
consequently independent of the spatial coordinates and of time.

Dynamic Viscosity of Solution

In the type of system under consideration the viscosity of the liquid medium is #,
and the viscosity of the dispersed particles is infinite from the microscopic standpoint.
The quantity which is usually discussed is the solution viscosity n, by which is meant
the coefficient of proportionality between the macroscopic shear stress 7™ and the
macroscopic gradient:

™ = yGM | (3)

Using macroscopic quantities, the dissipation of energy in unit volume within a unit
time interval, g, is given for a planar shear by a simple relation®:

e = n(GOV)? . ©
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For the selected solution model, the dissipation of energy in unit volume within
unit time is given (by using Einstein’s summation notation) by*

2
€= QZOOOJ J- J J )thzxxs,’)D(lti")(xnxz»xa,’)dxxdxzdxsdl,

XXX 31
©)

. 1/v v; .
where D{}” is the tensor of the rate of deformation (D(i'j“) =3 (ﬂ + J) and the inte-
X, X

gration is carried out through a suitably chosen volume of a substantial part of solu-
tion, sufficiently large to make the result generally valid for the whole solution. By
combining relations (4) and (5), one obtains for the solution viscosity #

2 %10 Px20 mx30 10
56 5% oo_[ J j J D{P(xy, X2, X3, 1) D{P(x,, x,, x3, 1) dx; dx, dx, d!

X1X2X38" Jo Jo Jo Jo
0

" CR%

©

Eq. (6) demonstrates the important fact that the solution viscosity, 7 may be expressed
by means of the solvent viscosity, macroscopic gradient and the tensor of the rate
of deformation.

Dynamic Viscosity of Similar Solutions

We regard as similar such solutions for which it is possible, by using linear isometrical
transformation of the space coordinates (x; = kx;) at selected times, to transform
dimensions, mutual positions and distances of discrete particles contained in a certain
volume ¥, of one solution into dimensions, positions and distances between particles
in the corresponding volume V§ = k3V, of another solution, the solvent in both
solutions being a continuum with viscosity #,.

Let us now imagine two similar solutions subjected to planar shear, so that for both
the same macroscopic gradient, G™ = G™’ can be selected so as to be so low that
in neither case could non-Newtonian behaviour of dissolved particles become
apparent. Such a restriction is important, because non-Newtonian behaviour is
exerted to different extent with particles of different sizes. If the conditions mentioned
above are conserved, it follows that flows in both cases mustbe similar.This means
that the microscopic gradients at corresponding points in the two solutions are the
same. This is determined by the fact that, at the same macroscopic gradient, the rates
in similar solutions are transformed in the same way as the space coordinates, i.e.

= kv;. Since components of the gradient are derivatives of the rate components
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with respect to the space coordinates, it follows in such a case that dv,/ox, = 8v}/dx;,
which means that, in general

D!Tr(xn X2, X3, ’) = D(irjn)(xl/kv xz/k, Xs/k, 1) . (7)

Let us now examine the magnitude of the viscosity 5 in these two similar systems
the measurements are carried out in the system (x,, x,, X3, 7). For one solution the
viscosity is given directly by (6) and for the other (the quantities of which are indicat-
ed by primcs) the viscosity is given by an equation analogous to Eq. (6):

n=1o -
2 kxi0 Akx20 pkx3® (10 i
— D™ (xy, x2, X3, 1) DT (xy, x,, X3, 1) dx; dx, dx, dt
k3x9x3x31° Jo ) o 0
' @y

(8)
If D{7'(x,, x5, x3, ) from Eq. (7) is substituted into (8) and the integral in the

numerator is modified by the substitution x;/k = y;, with the corresponding change
of boundaries, we obtain:

0,00 oJ. J- j j Dy ](.h».Vz;.Vsa )DﬁT)(.Vp.Vz,}’s,l)d)’l dy, dy; dt

X1XpX3!
’ Gy

n=rng

©)
identical with Eq. (6).

The identity between relations (6) and (9) for similar solutions having a similar
flow at a sufficiently low G™ means that the dynamic viscosity # in the limit G™ — 0
is similar for similar solutions.

1t follows from Eq. (6) or (9), that # as a function of G™ is a constant which
characterizes the solution as long as G{T°/G™ is independent of G™ for all com-
ponents of the tensor of the rate of deformation throughout the solution. Deviations
from the constancy of this ratio are due to the non-Newtonian behaviour; and they
appear at a lower G™ values in systems with larger particles.

Strictly speaking, the equality between (6) and (8) holds only for similar solutions
with similar flow characteristics, i.e. with the same configuration of particles in rele-
vant volume and time ranges. Since, however, 5 is an average statistical quantity,
independent of solution volume and time, when a sufficiently high number of particles
is present, n must be the same throughout the solution under investigation and at all
times, and must thus be independent of the configuration of the particles in solution.
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It can be said in general, therefore. that if two solutions are to possess the same
viscosity, it is sufficient if one can assign to each particle in the chosen volume of one
solution a particle of identical shape in the corresponding volume of the other
solution; the ratio of particle volumes for all corresponding pairs should be the same
and equal to the ratio of the volumes of those parts of the two solutions taken for
comparison. This means in practice that the volume fractions of the dissolved particles
are the same for both solutions, ¢ = ¢,, and that the distribution of the shapes
of the dissolved particles in the two solutions is also the same. From now onwards,
the term “‘similar solutions” will be used just in this sense.

The Concentration-Dependence of Viscosity of Similar Solutions

The above conclusions allow us to derive some important conclusions with respect
to the concentration-dependences of the dynamic viscosity of similar solutions.
Let it be assumed that for a certain solution of discrete particles in the continuum,
which interact only hydrodynamically, the concentration-dependence of dynamic
viscosity takes the form

1 = f(gs), (10)

where ¢, is the volume fraction of the particles in solution. Eq. (10) describes the
concentration-dependence of the viscosity of all solutions which contain particles
with the same distribution of shapes as the original solution, even though they differ
in the absolute size of the particles. For a solution of monodisperse particles, this
means, that the 5 vs ¢, relation is the same for spheres of an arbitrary radius, for,
rotational ellipsoids of an arbitrary size having a certain ratio of semi-axes, etc. but
in the case of systems with heterodisperse particles, the situation is more complicated.
Here one should be aware of the fact that a system of heterodisperse particles exists
even in the relatively simple case in which a solution contains spheres of various
sizes. For such systems the 5 vs @, relation is no longer described by the equation
which is valid for a solution of uniform spheres, as suggested by e.g. the results
of calculations of Peeters and Staverman for the Huggins constant of solutions
of heterodisperse molecules?. Moreover, in solutions of heterodisperse particles,
the dissolved particles may differ also in their shape (e.g., mixtures of spheres and
rotational ellipsoids with different ratios of semi-axes, etc.). The same # vs ¢, rela-
tion is observed with such solutions of heterodisperse particles, which contain cor-
responding particles in the same distribution. The corresponding particles must
have the same shape and the ratio of their sizes must be the same for all of them.
These general conclusions regarding the uniform concentration dependence of the
viscosity of similar solutions are in agreement with some specific calculations of the
concentration-dependence of the viscosities of dilute solutions.
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For a solution of monodisperse spheres, Einstein found that®

1= no(l + 2:5¢,), (11)

which clearly demonstrates that the viscosity of such solutions depends only on 7, and
®,, and not on the size of the spheres.

For a solution of monodisperse solid rotational ellipsoids for a small macroscopic
gradient (i.e. if the orientation of ellipsoids can be neglected)“, we have

1= no(l + 2(p) @2), (12)

where z(p) is a function dependent on the ratio of the semiaxes of the ellipsoid p
(characterizing the shape of the ellipsoids), but independent of the size of the ellipsoid.

Let it also be stressed that if the concentration-dependences of the viscosity are
to be compared for similar solutions differing in the viscosity of the solvent, it is
better to compare the /i, vs ¢, relations because this ratio is independent of 7,
as can be seen from the general equation (6) and also from Egs (11) and (12).

For polymer solutions, the results obtained in this work are suitable insofar
as the polymer molecules or whole polymer coils, including the immobilized solvent
(in the case of non-draining coils), can be regarded as discrete particles in the con-
tinuum, interacting with each other only hydrodynamically.
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